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Abstract We use bounded cohomology to define a notion of volume of an SO(«, 1 )- 
valued representation of a lattice F < SO(n, 1) and, using this tool, we give a com- 
plete proof of the volume rigidity theorem of Francaviglia and Klaff [19] in this 
setting. Our approach gives in particular a proof of Thurston's version of Gromov's 
proof of Mostow Rigidity (also in the non-cocompact case), which is dual to the 
Gromov-Thurston proof using the simplicial volume invariant. 



1 Introduction 

Strong rigidity of lattices was proved in 1965 by Mostow [28] who, while searching 
for a geometric explanation of the deformation rigidity results obtained by Selberg 
[32], Calabi-Vesentini [14, 15] and Weil [35, 36], showed the remarkable fact that, 
under some conditions, topological data of a manifold determine its metric. Namely, 
he proved that if M, = i7\H", / = 1,2 are compact quotients of real hyperbolic n- 
space and n > 3, then any homotopy equivalence (j? : Mi — !■ M2 is, up to homotopy, 
induced by an isometry. Shortly thereafter, this was extended to the finite volume 
case by G. Prasad [29]. 
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The methods introduced by Mostow emphasized the role of the quasi-isometries 
of Mi = H", their quasi-conformal extension to ^H", ergodicity phenomena of the 
J7-action on dW\ as well as almost everywhere differentiability results a la Egorov. 

In the 1970s, a new approach for rigidity in the real hyperbolic case was devel- 
oped by Gromov. In this context he introduced ^'-homology and the simplicial vol- 
ume: techniques like smearing and straightening became important. This approach 
was then further developed by Thurston [33, Chapter 6] and one of its consequences 
is an extension to hyperbolic manifolds of Kneser's theorem for surfaces [25]. To 
wit, the computation of the simplicial volume ||M|| = implies for a continuous 

map f :Mi ^ M2 between compact real hyperbolic manifolds, that 

, , Vol(M9) 
deg/< ^ 



Vol(Mi) ' 

If dimM, > 3, Thurston proved that equality holds if and only if / is homotopic to an 
isometric covering while the topological assertion in the case in which dimM, = 2 
is Kneser's theorem [25]. 

The next step, in the spirit of Goldman's theorem [20] - what now goes under 
the theory of maximal representations - is to associate an invariant Vol(p) to an 
arbitrary representation 

p : 7ri(M) ^Isom(H") 
of the fundamental group of M, satisfying a Milnor-Wood type inequaUty 

Vol(p) < Vol(/). 

The equality should be characterized as given by the "unique" lattice embedding 
i of ni{M), of course provided dimM > 3. This was carried out in dimM 3 by 
Dunfield [17], following Toledo's modification of the Gromov-Thurston approach 
to rigidity [34]. 

If M is only of finite volume, a technical difficulty is the definition of the volume 
Vol(p) of a representation. Dunfield introduced for this purpose the notion of pseu- 
dodeveloping map and Francaviglia proved that the definition is independent of the 
choice of the pseudodeveloping map [18]. Then Francaviglia and Klaff [19] proved 
a "volume rigidity theorem" for representations 

p : a;i(M) ^Isom(H*^), 

where now k is not necessarily equal to dimM. In their paper, the authors actually 
succeed in applying the technology developed by Besson-Courtois-Gallot in their 
seminal work on entropy rigidity [2]. An extension to representations of TZi (M) into 
Isom(H" ) for an arbitrary compact manifold M has been given by Besson-Courtois- 
Gallot [3]. 

Finally, Bader, Furman and Sauer proved a generalization of Mostow Rigidity 
for cocycles in the case of real hyperbolic lattices with some integrability condition, 
using, among others, bounded cohomology techniques, [1]. 
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The aim of this paper is to give a complete proof of volume rigidity from the 
point of view of bounded cohomology, implementing a strategy first described in 
[24] and used in the work on maximal representations of surface groups [12, 13], as 
well as in the proof of Mostow Rigidity in dimension 3 in [ 1 1]. 

Our main contribution consists on the one hand in identifying the top dimensional 
bounded equivariant cohomology of the full group of isometrics lsom(EI"), and on 
the other in giving a new definition of the volume of a representation of ni{M), 
when M is not compact; this definition, that uses bounded relative cohomology, 
generalizes the one introduced in [13] for surfaces. 

In an attempt to be pedagogical, throughout the paper we try to describe, in vary- 
ing details, the proof of all results. 

Let Vol„(xo, ■■■,x„) denote the signed volume of the convex hull of the points 
xo , . . . , x„ G H" . Then Vol„ is a G+ : = Isom+ (H" ) -invariant cocy cle on H" and hence 
defines a top dimensional cohomology class a)„ 6 //"(G+,R). Let i : F ^ be 
an embedding of F as a lattice in the group of orientation preserving isometrics of 
H" and let p : F — > G+ be an arbitrary representation of F. Suppose first that F 
is torsion free. Recall that the cohomology of F is canonically isomorphic to the 
cohomology of the «-dimensional quotient manifold M := /(F)\H". 

If M is compact, by Poincare duality the cohomology groups H"{F,R) = 
H"{M,R) in top dimension are canonically isomorphic to R, with the isomorphism 
given by the evaluation on the fundamental class [M]. We define the volume Vol(p) 
of p by 

Vol(p) = (p*(a)„),[M]), 

where p* : //"(G+,R) — > H"{F,R) denotes the pull-back via p. In particular the 
absolute value of the volume of the lattice embedding / is equal to the volume of the 
hyperbolic manifold M, Vol(M) = {i*{co„),[M]). 

If M is not compact, the above definition fails since H"{F,'R) = //"(M,R) = 0. 
Thus we propose the following approach: since Vol,, is in fact a bounded cocycle, it 
defines a bounded class G //^'^(G+,R) in the bounded cohomology of G+ with 
trivial R-coefficients. Thus associated to a homomorphism p : F G+ we obtain 
p *(«,*) e //^ (r , R) ; since M = H" is contractible, it follows easily that {F , R) is 
canonically isomorphic to the bounded singular cohomology //," (M, R) of the mani- 
fold M (this is true in much greater generality [21,5], but it will not be used here). To 
proceed further, let C M be a compact core of M, that is the complement in M of 
a disjoint union of finitely many horocyclic neighborhoods Ei, i = I, . . . ,k, of cusps. 
Those have amenable fundamental groups and thus the map {N,dN) — > (M, 0) 
induces an isomorphism in cohomology, H'i^{N,dN,R) = //^'(M,R), by means of 
which we can consider p*{(0^) as a bounded relative class. Finally, the image of 
p*(tO^) via the comparison map c : Hj^{N,dN,R) — > H"{N,dN,R) is an ordinary 
relative class whose evaluation on the relative fundamental class [A^, dN] gives the 
definition of the volume of p, 

Vol(p):=((cop*)(ft),^),[A^,5Ar]), 
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which turns out to be independent of the choice of the compact core A^. When M 
is compact, we recover of course the invariant previously defined. We complete the 
definition in the case in which F has torsion by setting 

where A < F is a torsion free subgroup of finite index. 

Theorem 1. Let « > 3. Let i : F ^ Isom+(H") be a lattice embedding and let p : 
F — i- Isom^(]HI") be any representation. Then 

|Vol(p)| < |Vol(;)| = Vol(M), (1) 

with equality if and only if p is conjugated to i by an isometry. 

An analogous theorem, in the more general case of a representation p . F ^ 
Isom+(H'") with m > n, has been proven by Francaviglia and Klaff [19] with a 
different definition of volume. 

Taking in particular p to be another lattice embedding of F, we recover Mostow- 
Prasad Rigidity theorem for hyperbolic lattices: 

Corollary 1 ([28, 29]). Let F\,F2 be two isomorphic lattices in Isom+(ElI"). Then 
there exists an isometry g G Isom(H") conjugating Fi to F^. 

As a consequence of Theorem 1, we also reprove Thurston's strict version of 
Gromov's degree inequality for hyperbolic manifolds. Note that this strict version 
generalizes Mostow Rigidity [33, Theorem 6.4]; 

Corollary 2 ([33, Theorem 6.4]). Let f : Mi ^ M2 be a continuous proper map 
between two n-dimensional hyperbolic manifolds M\ and M2 with n > 3. Then 

deg(/)<*'<"^* 



Vol (Ml) ' 

with equality if and only iff is homotopic to a local isometry. 

Ourproof of Theorem I follows closely the steps in the proof of Mostow Rigidity. 
In particular, the following result is the dual to the use of measure homology and 
smearing in [33]. We denote by e : G ^ { — 1,1} the homomorphism defined by 
E{g) = 1 if g is orientation preserving and e{g) = — 1 if g is orientation reversing. 

Theorem 2. LetM ~ F\H" be a finite volume real hyperbolic manifold. Let p :F 
Isom(H") be a representation with non-elementary image and let (p : dM" — > dM" 
be the corresponding equivariant measurable map. Then for every (n + \)-tuple of 
points ^0,. .. e (911", 

, er')Vol„(<p(^^o),...,<p(^^„))«'M(^) = ^|^Vol„(^o,...,^«), 

r\Isom(H") Vol(M) 

(2) 

where jj. is the invariant probability measure on r\Isom(IEII"). 



Mostow Rigidity and Volume Rigidity for Hyperbolic Lattices 



5 



This allows us to deduce strong rigidity properties of the boundary map (p from 
the cohomological information about the boundary that, in turn, are sufficient to 
show the existence of an element g £ Isom+(H") conjugating p and ;. 

To establish the theorem, we first prove the almost everywhere validity of the 
formula in Theorem 2. Ideally, we would need to know that //^'^.(G+,R) is 1- 
dimensional and has no coboundaries in degree n in the appropriate cocomplex. 
However in general we do not know how to compute //,"^.(G+,R), except when 
= Isom+(H^) or Isom+(tf ) and hence there is no direct way to prove the for- 
mula in (2). To circumvent this problem, we borrow from [9] (see also [7]) the 
essential observation that Vol„ is in fact a cocycle equivariant with respect to the 
full group of isometrics G = Isom(H"), that is 

Vol„{gxi,...,gx„) = e(g)Vol„(xi,...,x„). 

This leads to consider R as a non-trivial coefficient module R^ for G and in this 
context we prove that the comparison map 

HS^{G,Rs)^^H^{G,Re) 

is an isomorphism. By a slight abuse of notation, we denote again by o,^ G 
^//"^.(GjRe) and by »„ e //"(GjRg) the generator defined by Vol,,. 

Using this identification and standard tools from the homological algebra ap- 
proach to bounded cohomology, we obtain the almost everywhere validity of the 
formula in Theorem 2. Additional arguments involving Lusin's theorem are required 
to establish the formula pointwise. This is essential because one step of the proof 
(see the beginning of § 4) consists in showing that, if there is the equality in (1), the 
map (p maps the vertices of almost every positively oriented maximal ideal simplex 
to vertices of positively (or negatively - one or the other, not both) oriented maximal 
ideal simplices. Since such vertices form a set of measure zero in the boundary, an 
almost everywhere statement would not be sufficient. 



2 The Continuous Bounded Cohomology of G = Isom(EI") 

Denote by G = Isom(IHI") the full isometry group of hyperbolic n-space, and by 
G+ = Isom+(H") its subgroup of index 2 consisting of orientation preserving 
isometries. As remarked in the introduction there are two natural G-module struc- 
tures on R: the trivial one, which we denote by R, and the one given by multipli- 
cation with the homomorphism e : G — ?■ G/G+ = {+1,-1}, which we denote by 
Re 

Recall that if (7 G N, the continuous cohomology groups Hc{G,R), respectively 
Hc{G,Re) - or in short H*{G,R(g-j) for both - of G with coefficient in R(g), is by 
definition given as the cohomology of the cocomplex 
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Cc{G''+\R{e))° = {/ : G''+' R(f) \f is continuous and 

£{8)-f{8Q, ■■■■.gq) = /feo, ■■■■.ggq)] 

endowed with its usual homogeneous coboundary operator 

5:C,(G''+',R(,))^^Q(G^+2,R(,))« 

defined by 

9+1 

5/(^0, • • • ,gq+\) ■= f(80, ■ ■ ■ ,gj-l,gj+\,- ■ ■ ,gq+l)- 

This operator clearly restricts to the bounded cochains 

Q,i(G'?+',R(,))«-{/GC,(G"+',R(,))«| sup \f{go,.:,gq)\<+^} 

go,...,g^eG 

and the continuous bounded cohomology //^^^(G,R(£)) of G with coefficients in 
R(g) is the cohomology of this cocomplex. The inclusion 

C,,,(G^+',R(,))«CC,(G*+\R(,))^ 
induces a comparison map 

c://,%(G,R(,))^//;/(G,R(,)). 

We call cochains in Q (^j (G'^^^R)'^ invariant and cochains in Q (fc)(G'?+' jRe)'' 
equivariant and apply this terminology to the cohomology classes as well. The sup 
norm on the complex of cochains induces a seminorm in cohomology 

||^||=inf{||/||.|/eC,,(,)(G''+',R(,)f,[/]=^}, 

for^e//^(,)(G,R(,)). 

The same definition gives the continuous (bounded) cohomology of any topo- 
logical group acting either trivially on R or via a homomorphism into the multi- 
plicative group { + 1 , — 1 } . A continuous representation p : H — > G naturally induces 
pullbacks 

^;,W(G,R) (//,R) and //•(,)(G,R,)^//;(,)(//,Rp), 

where Rp is the //-module R with the //-action given by the composition of p : 
// ^ G with e:G^ {+1,-1}. Note that ||p*(j3)|| < ||j3||. 

Since the restriction to G+ of the G-action on Rj^j is trivial, there is a restriction 
map in cohomomology 

^•w(G,R(e))^^;,(ft)(G+,R). (3) 
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In fact, both the continuous and the continuous bounded cohomology groups can be 
computed isometrically on the hyperboHc «-space H", as this space is isomorphic to 
the quotient of G or by a maximal compact subgroup. More precisely, set 

,R(£))'^ = {/ : (H")'?+' ^ R I / is continuous (and bounded) and 

e(^) ■f{xO,---,Xq)^f{gXQ,...,gXq)} 

and endow it with its homogeneous coboundary operator Then the cohomology 
of this cocomplex is isometrically isomorphic to the corresponding cohomology 
groups ([22, Ch. Ill, Prop. 2.3] and [27, Cor 7.4.10] respectively). 

It is now easy to describe the left inverses to the restriction map (3) induced by 
the inclusion. Indeed, at the cochain level, they are given by maps 

p : Q. ((H«)''+' ,R)G^ ^ C,,(,) ((H«)''+' ,R)^ 

and 

F : C,.(,) ((H«)'?+' , R)«" ^ C,,(,) ((H")''+' , R.)^ 
defined for jco,...,-*:,, E H" and / e Q,(/,)((H")''+',R)'^^ by 

p{f){xo,...,Xy) = ^{f{xo,...,Xg)+f{TXo,...,TXy)), 

p{f){xo,...,Xg) ^ ]^{f{xQ,...,Xg)- f{xxQ,...,xxci)) , 

where T G G \ is any orientation reversing isometry. In fact, it easily follows 
from the G+-invariance of / that p{f) is invariant, is equivariant, and both p{f) 
and are independent of T in G \ G+. The following proposition is immediate: 

Proposition 1. The cochain map {p,p) induces an isometric isomorphism 
K(b) (G+ , R) = K{b) (G, R) © (G, R. ) . 

The continuous cohomology group H'. (G+ , R) is well understood since it can, via 
the van Est isomorphism [22, Corollary 7.2], be identified with the de Rham co- 
homology of the compact dual to H", which is the n-sphere S". Thus it is gener- 
ated by two cohomology classes: the constant class in degree 0, and the volume 
form in degree n. Recall that the volume form O),, can be represented by the cocycle 
Vol,, G Cc,b{{W)"+\K^)^ (respectively Vol,, G U° [[^M"Y+\'Si^)^) given by 

Vol„(xo, ...,x„) = signed volume of the convex hull of jcq, ...,jc„ , 

for xo, ...,a:„ G H", respectively dW . Since the constant class in degree is invari- 
ant, and the volume form is equivariant, using Proposition 1 we summarize this as 
follows: 
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H°{G+,R)^H^{G,R)^R and H^{G+ ,R) ^ H^.{G,Rs) =R= {co„) . 

All other continuous cohomology groups are 0. On the bounded side, the cohomol- 
ogy groups are still widely unknown, though they are conjectured to be isomorphic 
to their unbounded counterparts. The comparison maps for G and are easily seen 
to be isomorphisms in degree 2 and 3 (see [11]). We show that the comparison map 
for the equivariant cohomology of G is indeed an isometric isomorphism up to de- 
gree n, based on the simple Lemma 1 below. Before we prove it, it will be convenient 
to have yet two more cochain complexes to compute the continuous bounded coho- 
mology groups. IfX^W orX = dW\ consider the cochain space L°°(X'?+',R(£))'^ 
of G-invariant, resp. G-equivariant, essentially bounded measurable function classes 
endowed with its homogeneous coboundary operator It is proven in [27, Cor 7.5.9] 
that the cohomology of this cocomplex is isometrically isomorphic to the continu- 
ous bounded cohomology groups. Note that the volume cocycle Vol,, represents the 
same cohomology class viewed as continuous bounded or L°°-cocycle on H", as an 
L°°-cocyle on dW or, by evaluation on x G H" or x G dW\ as a continuous bounded 
or L°°-cocycle on G. 

Lemma 1. For q < n we have 

C,((lI"y'+\R.f = 0, 
L'^iiWy+^Ref = 0, 
L'"{{dE'y+\Rsf = 0. 

Proof. Let / : (H")''+' ^ or / : (<5H")''+' Rg be G-equivariant. The lemma 
relies on the simple observation that any q + l < n points XQ,...,Xq either in H" 
or in dM" lie either on a hyperplane P C H" or on the boundary of a hyperplane. 
Thus there exists a reversing orientation isometry T G G \ G+ fixing (xq, . . . 
pointwise. Using the G-equivariance of / we conclude that 

f{xo,...,Xci) = -/(txo,...,Tx,,) = -f{xQ,...,Xq), 

which implies / = 0. □ 

It follows from the lemmathat //^'^(GjRg) = Hc{G,Re) = for ^ < n. Furthermore, 
we can conclude that the comparison map for the equivariant cohomology of G is 
injective: 

Proposition 2. The comparison map induces an isometric isomorphism 

H'l,{G,R,)^^H'^{G,R,). 

Proof. Since there are no cochains in degree « — 1, there are no coboundaries in 
degree n and the cohomology groups //"^(GjRg) and //"(GjRf) are equal to the 
corresponding spaces of cocycles. Thus, we have a commutative diagram 
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R ^ H^iG,Re) = Kei{8 : Q.{{W)"+\Rsf Q.((H")"+2,R£)'5} 

and the proposition follows from the fact that the lower right kernel is generated by 
the volume form co„ which is represented by the bounded cocycle Vol„ which is in 
the image of the vertical right inclusion. □ 

Since there are no coboundaries in degree n in Q{{Wy+\Ref, it follows that 
the cohomology norm of a)„ is equal to the norm of the unique cocycle representing 
it. In view of [23], its norm is equal to the volume v„ of an ideal regular simplex in 
H". 

Corollary 3. The norm \\cOn\\ of the volume form ft),, e //"(G^,R) is equal to the 
volume v„ of a regular ideal simplex in H". 

As the cohomology norm \\co„\\ is the proportionality constant between simpli- 
cial and Riemannian volume for closed hyperbolic manifolds [8, Theorem 2], the 
corollary gives a simple proof of the proportionality principle ||M[| — Vol(M)/v„ 
for closed hyperbolic manifolds, originally due to Gromov and Thurston. 



3 Relative Cohomology 
3.1 Notation and Definitions 

As mentioned in the introduction, we consider a compact core of the complete 
hyperbolic manifold M, that is a subset of M whose complement M \ in M is 
a disjoint union of finitely many geodesically convex cusps of M. If q > Q and 
a :Ai —>-M denotes a singular simplex, where A'' ~ {{to, . . . ,tg) <E R''+' : Y!]=Qti ~ 
1, ?j > for all y } is a standard ^-simplex, we recall that the (singular) cohomology 
Hi(M,M \N) of M relative to M \ is the cohomology of the cocomplex 

C'iM,M\N) = {feC'iM) |/(a)=0iflm((7) CM\A?} 

endowed with its usual coboundary operator (Here, C''{M) denotes the space of 
singular ^-cochains on M.) We emphasize that all cohomology groups, singular or 
relative, are with R coefficients. The bounded relative cochains C^'(M,M \ A^) are 
those for which / is further assumed to be bounded, meaning that sup{|/(c7)| | a : 
A'' — ^ M} is finite. The coboundary restricts to bounded cochains and the cohomol- 
ogy of that cocomplex is the bounded cohomology of M relative to M \N, which 
we denote by H'{M,M \N). The inclusion of cocomplexes induces a comparison 
map c : H*{M,M \ A^) — > H*{M,M \ A^). Similarly, we could define the cohomol- 
ogy of A^ relative to its boundary dN and it is clear, by homotopy invariance, that 
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H'f^s^ {N, dN) = //'^j (M, M \ A^) . We can identify the relative cochains on {M,M\N) 

with the F-invariant relative cochains C (H" ,U)^ on the universal cover H" relative 
to the preimage U = 7:^^{M \N) under the covering map tt : H" — > M of the finite 
union of horocyclic neighborhoods of cusps. We will identify H'^^ {N, dN) with the 
latter cohomology group. Note that {/ is a countable union of disjoint horoballs. 

The inclusion (M, 0) ^ {M,M \ A^) induces a long exact sequence on both the 
unbounded and bounded cohomology groups 

. . . ^ ' (M \ A^) ^ (M,M \ A^) ^ (M) ^ (M \ A^) ^ . . . 

Each connected component Ej of M \N, 1 < y < fc, is a horocyclic neighborhood 
of a cusp, hence homeomorphic to the product of R with a torus; thus its universal 
covering is contractible and its fundamental group is abelian (hence amenable). It 
follows that (see the introduction or [21, 5]) H'{Ej) = H'{7Zi{Ej)) = and hence 
H*{M \N) = 0, proving that the inclusion (M, 0) ^ {M,M \N) induces an iso- 
morphism on the bounded cohomology groups. Note that based on some techniques 
developed in [6] we can show that this isomorphism is isometric - a fact that we will 
not need in this note. 



3.2 Transfer Maps 

In the following we identify F with its image /(F) < under the lattice embedding 
J : F — )- . There exist natural transfer maps 

H' in HI, {G,Re) and H' {N, dN) H,* (G, R, ) , 

whose classical constructions we briefly recall here. The aim of this section will then 
be to establish the commutativity of the diagram (7) in Proposition 3. The proof is 
similar to that in [6], except that we replace the compact support cohomology by the 
relative cohomology, which leads to some simplifications. In fact, the same proof as 
in [13] (from where the use of relative bounded cohomology is borrowed) would 
have worked verbatim in this case, but we chose the other (and simpler), to provide 
a "measure homology-free" proof. 

The Transfer Map transr : H;{r) H^j^{G,Re) 
We can define the transfer map at the cochain level either as a map 

transr : Kf ^ Kf - 

where Vg is one of Ci((H")'?+i,R), L~((H")'?+',R) or L~((5H")'?+\R). The defi- 
nition is the same in all cases. Let thus c be a F-invariant cochain in V^^. Set 
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transr(c)(xo,...,Jc„) := / e{g ) ■c{gxo,...,gXn)diJ.{g) , (4) 
Jr\G 

where H is the invariant probabihty measure on F\G normahzed so that jJ. {r\G) = 
1. Recall that F < G+, so that e(^) is well defined. It is easy to check that the 
resulting cochain transr (c) is G-equivariant. Furthermore, the transfer map clearly 
commutes with the coboundary operator, and hence induces a cohomology map 

Note that if the cochain c is already G-equivariant, then transj- (c) = c, showing that 
transr is a left inverse of /* : //;^(G,R£) Hl{r). 



The Transfer Map Tjr : H'{N, dN) H^{G,Re) 

The relative de Rham cohomology //*^(M,M \ A^) is the cohomology of the cocom- 
plex of differential forms £2'i{M,M \N) which vanish when restricted to M \N. 
Then, as for usual cohomology, there is a de Rham Theorem 

"F : H^ij^{M,M \ N) -^^H' (M,M \ A?) = H'{N, dN) 

for relative cohomology. The isomorphism is given at the cochain level by integra- 
tion. In order to integrate, we could either replace the singular cohomology by its 
smooth variant (i.e. take smooth singular simplices), or we prefer here to integrate 
the differential form on the straightened simplices. (The geodesic straightening of a 
continuous simplex is always smooth.) Thus, at the cochain level, the isomorphism 
is induced by the map 

'F:Q''{M,M\N) — >C'{M,M\N), (5) 

sending a differential form (o e Q''{M,M \N) = £2'>(M",U)'^ to the singular 
cochain f (©) given by 

(0, 

J n, straight(.io -r-'-^q) 

where tt : H" — > M is the canonical projection, the ,y, G H" are the vertices of a lift 
of C7 to H", and straight(xo, ■■■,Xq) : A'l — s- H" is the geodesic straightening. Observe 
that if (7 is in U, then the straightened simplex is as well, since all components of U 
are geodesically convex. 

The transfer map trans^/^ ; H'jf{M,M \N) — s> H'{G,M.£) is defined through the 
relative de Rham cohomology and the van Est isomorphism. At the cochain level 
the transfer 

trans,« : QiiW^uf — > Q'>{B'\Rsf 
is defined by sending the differential ^-form a e i2'f(H")^ to the form 
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trans,«(a):= / ^) ■ {g*a)dn{g) , 

Jr\G 

where ji is chosen as in (4). It is easy to check that the resuhing differential form 
trans^/^(a) is G-equivariant. Furthermore, the transfer map clearly commutes with 
the differential operator, and hence induces a cohomology map 



i2*(H",R,)G, 

where the vertical arrow on the right is the van Est isomorphism and the horizontal 
arrow on the right follows from Cartan's lemma to the extent that any G-invariant 
differential form on H" (or more generally on a symmetric space) is closed. 

Let (On € H" {M ,M \N) be the unique class with {(Oisi^gM,W'^^]) =Vol(M). 
It is easy to check that 

transdnicoN^dN) = e n"{W\Ref = //"(G,R£) • (6) 

Commutativity of the Transfer Maps 
Proposition 3. The diagram 

HliT) 



c c 

Hi{N,dN)^^H'JiG,R,). 
commutes, where x^n = transj^of 

Proof. The idea of the proof is to subdivide the diagram (7) in smaller parts, by 
defining transfer maps directly on the bounded and unbounded relative singular co- 
homology of M and show that each of the following subdiagrams commute. 



H'{N,dN) 



trans,,R 
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HL{N,dN)-^^^n'i{m",Ref. 
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Definition of the Transfer Map for Relative Cohomology 

In order to define a transfer map, we need to be able to integrate our cochain on 
translates of a singular simplex by elements of F\G. This is only possible if the 
cochain is regular enough. 

For 1 < / < A:, pick a point bi G E, in each horocyclic neighborhood of a cusp in 
M and bo ^ N in the compact core. Let j3' : M ^ {b(),bi,...,bi^} be the measurable 
map sending to bo and each cusp £, to Lift j3' to a F-equivariant measurable 
map 



K \{bQ,bi,...M})^ 



defined as follows. Choose lifts bo, ... ,bii of bo, ■■■ jb/^; for each j = l,...,k choose 
a Borel fundamental domain &j 9 bj for the F-action on n^^{Ej) and choose a 
fundamental domain H^q 3 bo for the F-action on 7Z^^{N). Now define fi{y&j) := 
ybj . In particular j3 maps each horoball into itself. Given c g O' (H" ,UY , define 



j3*(c) : (H 



nyi+X 



R 



by 



P*{c){xo,...,x^) ==c(straight(j3(xo),...,j3(j:9))). 



(9) 



Remark that j3*(c) is F-invariant, vanishes on tuples of points that lie in the same 
horoball in the disjoint union of horoballs tt^' (£,), and is independent of the chosen 
lift of j3' (but not of the points ^o, ■■■,bk). Thus, j3*(c) is a cochain in C''(H«,f/)^ 
which is now measurable, so that we can integrate it on translates of a given (<7 + 1 )- 
tuple of point. We define 



transj3 (c) : (H 



R 



by 



transp (c)(xo, 



r\G 
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where ji is as in (4). It is easy to show that the integral is finite. Indeed, let D be 
the maximum of the distances between xq and x,, for ; = l,...,q. Then for g Q r\G 
such that gXQ lies outside a D-neighborhood of the compact core A^, each gxj clearly 
lies outside and hence P*{c){gX(), ...,gXg) vanishes for such g. It follows that the 
integrand vanishes outside a compact set, within which it takes only finitely many 
values. Furthermore, it follows from the F-invariance of c and )3(c) that transj3(c) 
is G-invariant. 

Since transp commutes with the coboundary operator, it induces a cohomology 
map 

trans ; H''{N, dN) — > H^{G,R£). 

As the transfer map trans^ restricts to a cochain map between the corresponding 
bounded cocomplexes, it also induces a map on the bounded cohomology groups 

fi-ansi : H'^iN,dN) H^i^iCRe), 

and the commutativity of the middle diagram in (8) is now obvious. 



Coimnutativity of the Lower Square 

Denote by <P : i2''(M",R£) — > L°°((H")'?+i,R£) the map (analogous to the map 
f defined in (5)) sending the differential form a to the cochain 0{a) mapping a 
(^+ l)-tuple of points (xq, G (EI")''+' to 

/ 

Jstraight{xo,...,Xg) 

The de Rham isomorphism is realized at the cochain level by precomposing with 
the map sending a singular simplex in H" to its vertices. To check the commutativity 
of the lower square, observe that 

h-ansj3o0(a)(xo,...,x^) = / E{g-^)-( a]dn{g) 

Jr\G \Jslraight{^{gxo},...,P{gXg)) J 

while 

0otransrffl(a)(xo,...,x^) = / e(^"')-(/ a)dn{g). 

Jr\G \J straight{gXQ.,..,gXq)) J 

If da = 0, the coboundary of the G-invariant cochain 

(xo,...,x,_i)^'£(-l)'7 e{g-')-(f a)d^iig) 

i=0 •'r\G \Jstraight(gxo,...,gXi,P(gXi) P(gXq-\)) J 



is equal to the difference of the two given cocycles. 
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Coimnutativity of the Upper Triangle 

Observe that the isomorphism H'{M,M \ N) = H'{r) can be induced at the 
cochain level by the map j3* : C^(H",f/)^ L"((H")'i'+^R)^ defined in (9) (and 
for which we allow ourselves a slight abuse of notation). It is immediate that we 
now have commutativity of the upper triangle already at the cochain level. 



L~((H«)'i'+i,R)^ 



transj- 



transf, 



This finishes the proof of the proposition. 



3. 3 Properties o/ Vol ( p ) 

Lemma 2. Let i : F G be a lattice embedding. Then 

Vol(0 = Vol(M) . 

Proof. Both sides are multiplicative with respect to finite index subgroups. We can 
hence without loss of generality suppose that F is torsion free. By definition, we 
have 

Vol(M) = {cONMAN,dN])^ 
Vol(0-((co/*)(fi),t),[A^,aA^]). 

The desired equality would thus clearly follow from (O^^sn = {(^ ° ^*){^n)- As the 
transfer map t^/a : H" {N, dN) — H" (G) is an isomorphism in top degree and sends 
^N,dN to On, this is equivalent to 

= T:dR{(ON.dN) = TdR°c^°i* {(o!',) = c o transr oi*{coj^) = c(c(J*) = (0„ , 

cotransj- 

where we have used the commutativity of the diagram (7) (Proposition 3) and the 
fact that transr oi* = Id. □ 

Proposition 4. Let p : F ^ G be a representation. The composition 
R-i/«,(G,R,) ^//«(r) ^//;,(G,R,) -R 



is equal to X ■ Id, where 
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Proof. As the quotient is left invariant by passing to finite index subgroups, we can 
without loss of generality suppose that F is torsion free. Let A e R be defined by 

transrop*(co^) =A-co*. (10) 

We apply the comparison map c to this equality and obtain 

cotransr op*{(o'^) = X ■ c{(o'^) = A • ft),, = A • iMiaiN^dN) ■ 

The first expression of this line of equalities is equal to XdR oco p*{(a^j) by the 
commutativity of the diagram (7). Since t^r is injective in top degree it follows that 
(cop *)((()/;') = A • (O^dN- Evaluating on the fundamental class, we obtain 

Vol(p) = {{c o p*){co^^),[N,dN]) = X ■ {cON.dNAN,dN]) = X - Volii) = X - YoliM) . 
For the inequality, we take the sup norms on both sides of (10), and get 

||transrop|K)|[ ^ 

IKII 

where the inequality follows from the fact that all maps involved do not increase the 
norm. This finishes the proof of the proposition. □ 



4 On the Proof of Theorem 1 

The simple inequality |Vol(p)| < |Vol(/)| — Vol(M) follows from Proposition 4 and 
Lemma 2. 

The proof is divided into three steps. The first step, which follows essentially 
Furstenberg's footsteps [37, Chapter 4], consists in exhibiting a p-equivariant mea- 
surable boundary map (p : dM" — dM". In the second step we will establish that 
(p maps the vertices of almost every positively oriented ideal simplex to vertices of 
positively (or negatively - one or the other, not both) oriented ideal simplices. In the 
third and last step we show that (p has to be the extension of an isometry, which will 
provide the conjugation between p and ;. The fact that « > 3 will only be used in 
the third step. 



Step 1: The Equivariant Boundary Map 



We need to define a measurable map (p ; dM" — > dW^ such that 
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<P(/(7)-^) = p(7)-<P(^), (11) 

for every £, (1 dW and every 7 G F. 

The construction of such boundary map is the sore point of many rigidity ques- 
tions. In the rank one situation in which we are, the construction is well known and 
much easier, and is recalled here for completeness. 

Since dW can be identified with Isom+(H")/P, where P < Isom+(EI") is a mini- 
mal parabolic, the action of F on dM" is amenable. Thus there exists a F-equivariant 
measurable map (p : dM" ^^{dM"), where ./#'((9H") denotes the probability 
measures on dM", [37]. We recall the proof here for the sake of the reader familiar 
with the notion of amenable group but not conversant with that of amenable action, 
although the result is by now classical. 

Lemma 3. Let G be a locally compact group, F < G a lattice and P an amenable 
subgroup. Let X be a compact metrizable space with a F-action by homeomor- 
phisms. Then there exists a F -equivariant boundary map (p : G/P — S> 

Proof. Let C{X) be the space of continuous functions on X. The space 

Lp{G,C{X)) :~ {f : G ^ C{X) \ f is measurable, F-equivariant and 

/ ||/(^)||.«'M(^)<-}, 
Jr\G 

is a separable Banach space whose dual is the space Lp (G, (X)) of measurable F- 
equivariant essentially bounded maps from G into (X), where ^{X) = C{X)* is 
the dual of C{X). (Notice that since C{X) is a separable Banach space, the concept of 
measurability of a function G ^ C(X)* is the same as to whether C{X)* is endowed 
with the weak-* or the norm topology.) Then Lp(G,./#'(X)) is a convex compact 
subset ofthe unit ball ofLp(G,^(X)) that is right P-invariant. SincePis amenable, 
there exists a P-fixed point, that is nothing but the map ^ : G/P — > {X) we were 
looking for. □ 

We are going to associate to every /i G [dM") (in the image of (p) a point in 
dM". 

If the measure /i has only one atom of mass > 5, then we associate to this 
atom. We will see that all other possibilities result in a contradiction. 

If the measure /i has no atoms of mass greater than or equal to 5, we can apply 
Douady and Earle's barycenter construction [16, § 2] that to such a measure asso- 
ciates equivariantly a point b^ G H". By ergodicity of the F-action on dM" x dM", 
the distance d :~ (^(i',p(T),^,p(y)) between any two of these points is essentially con- 
stant. It follows that for a generic x G dM", there is a bounded orbit, contradicting 
the non-elementarity of the action. 

If on the other hand there is more than one atom whose mass is at least j, then 
the support of the measure must consist of two points (with an equally distributed 
measure). Denote by g^ the geodesic between the two points in the support of the 
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measure (p{x) g ^^{dW). By ergodicity of the F-action on dW x ^H", the car- 
dinality of the intersection supp((p(x)) n supp((p(x')) must be almost everywhere 
constant and hence almost everywhere either equal to 0, 1 or 2 . 

If |supp(^(x)) n supp(^(jc'))| = 2 for almost all x,x' G dW, then the geodesic 
gx is -T-invariant and hence the action is elementary. 

If I supp(^(ji[:)) nsupp(^(y))| = 1, then we have to distinguish two cases: ei- 
ther for almost every x £ dW there is a point £, £ dM" such that supp(^(x)) fl 
supp(^(x')) = {^} for almost all x' G dW, in which case again ^ would be F- 
invariant and the action elementary, or supp((p(;c)) Usupp(^(x')) Usupp((p(x")) con- 
sists of exactly three points for almost every x' ,x" G dW. In this case the barycenter 
of the geodesic triangle with vertices in these three points is F-invariant and the ac- 
tion is, again, elementary. 

Finally, if |supp((p(x)) nsupp((p(x'))| = 0, let D := d{gx,gx')- By ergodicity on 
dM" X dM", d is essentially constant. Let 7 G p (F) be a hyperbolic elements whose 
fixed points are not the endpoints of g^ or §y . Then iterates of 7 send a geodesic g^i 
into an arbitrarily small neighborhood of the attractive fixed point of 7, contradicting 
that gx is at fixed distance from g^j- 



Step 2: Mapping Regular Simplices to Regular Simplices 

The next step is to prove Theorem 2. Then if Vol(p) = Vol(M), it will follow that 
the map (p in Step 1 sends almost all regular simplices to regular simplices. 

From Proposition 4 we obtain that the composition of the induced map p * and 
the transfer with respect to the lattice embedding / is equal to ± the identity on 
H'li,{G+,R£). In dimension 3, it follows from [4] that //J^(Isom+(M3),R) ^ R and 
the proof can be formulated using trivial coefficients; this has been done in [11], 
which is the starting point of this paper In higher dimension it is conjectured, but 
not known, that //;.'^(G+,R) ^ R. 

We can without loss of generality suppose that trans op* is equal to +Id. Indeed, 
otherwise, we conjugate p by an orientation reversing isometry. We will now show 
that the isomorphism realized at the cochain level, leads to the equality (12), which 
is only an almost everywhere equality. Up to this point, the proof is elementary. The 
only difficulty in our proof is to show that the almost everywhere equality is a true 
equality, which we prove in Proposition 5. Note however that there are two cases in 
which Proposition 5 is immediate, namely 1) if ^ is a homeomorphism, which is the 
case if F is cocompact and p is also a lattice embedding (which is the case of the 
classical Mostow Rigidity Theorem), and 2) if the dimension n equals 3. We give 
the alternative simple arguments below. 

The bounded cohomology groups //"^(GjRg) and //^"(F,R) can both be com- 
puted from the corresponding L°° equivariant cochains on ^H". The induced map 
p * : //"ft (G, Rf ) HI (F , R) is represented by the pullback by 9, although it should 
be noted that the pullback in bounded cohomology cannot be implemented with re- 
spect to boundary maps in general, unless the class to pull back can be represented 
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by a strict invariant Borel cocycle [10]. This is our case for Vol,, and as a conse- 
quence, (p*{Yol„) is also a measurable F-invariant cocycle and that determines a 
cohomology class in H'^{r) (see [11]). It remains to see that this class is indeed 
p*{(0„)- In the cocomplex C(G"+' jRe)*^, the volume class (On is represented by 
evaluating Vol,, on any point £, G dM", thus by a cocycle 

(^0, • • • ,gn) H> Vol„(go^ , . . . ,g„£,). 

In the cocomplex C(F"+',R), the pull back class p*{co„) is represented by 

(7o, ■■■,7n)^ Wo\„{p{yq)(p{^),. . . ,p(7„)^(<^)). 

The latter expression is equal to 

Vol„((p(7o^), . . .,(p{U)) - (p*(Vol„)(7o^, . . . ,7n^) 

for every <^ e dW. Thus, evaluation on provides a map L"(<9H",R) C{r"+\Rf 
mapping our a priori unknown cocycle ^*(Vol„) to a representative of p*{(0„). It 
follows that ^*(Vol„) indeed represents p*{(0„). 

The composition of maps transr op* is thus reaUzed at the cochain level by 

V ^ {(^0, • • • , ^n) ^ Ir\G<^i8'^M<Pi8^Q: ■ ■ ■ ,8^n))d^{8)} . 

Since the composition transj- op* is the multiplication by at the cohomology 

level and there are no coboundaries in degree n (Lemma 1), the above map sends 
the cocycle Vol,, to voi'(m) • Thus, for almost every ^o,... G dW we have 

e(^-').Vol,,((p(^^o),...,(p(^^jyMfe) = ;SJ^Vol„(^o,...,^ (12) 
r\G \ol(M) 

Let ((9H")("+') be the G-invariant open subset of (<9H")"+^ consisting of (« + 1)- 
tuples of points (^o, • • • ,^n) such that ^, £,j for all / 7^ j. Observe that the vol- 
ume cocycle Vol„ is continuous when restricted to ((5EII")*"+'' and vanishes on 
(5EI")"+' \ ((9E1[")*"+''. Observe moreover that the volume of ideal simplices is 
a continuous extension of the volume of simplices with vertices in the interior B" of 
the sphere 5"- 1 =dW. 

Proposition 5. Let i : F ^ G be a lattice embedding, p : F ^ G a representation 
and (p : dW — > dM" a F -equivariant measurable map. Identifying F with its image 
i(r) < G via the lattice embedding, if 

j^^/^^') ■ Vol«(«?>(^^o), . . . Mg^n)) dm = ^[^Vol„(^o, . . . ,^„) (13) 
for almost every (^0, • • • , ^n) G ((3]HI")"+', then the equality holds everywhere. 
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Before we proceed with the proof, let us observe that it immediately follows from 
the proposition that if p has maximal volume, then (p maps the vertices of almost 
every regular simplex to the vertices of a regular simplex of the same orientation, 
which is the conclusion of Step 2. 

Proof (for (p homeomorphism). Since <p is injective, both sides of the almost ev- 
erywhere equality are continuous on ((9IHI")'"+''. Since they agree on a full measure 
subset of (5H")("+'), the equality holds on the whole of {dW)^"+^\ As for its com- 
plement, it is clear that if ^, = for / ^ j then both sides of the equality vanish. 

□ 

Proof (for n = 3). Both sides of the almost equality are defined on the whole of 
(atf are cocycles on the whole of (^H^)"*, vanish on (dM^)'^ \ {dM^)^'^'> and are 
Isom+(tf)-invariant. Let a,b : — > Rbe two such functions and suppose that 
a = b on a set of full measure. This means that for almost every (^o, ^3) £ (^tf)'*, 
we have a{^o, = b{^o, ■■■,^3)- Since Isom+(IHI^) acts transitively on 3-tuples 

of distinct points in and both a and b are Isom+(]HI^) -invariant, this means that 
for every {^0,^1 , ^2) G ((9tf)'-'' and almost every rj e dM^ the equality 

a{^o, ^i, ^2, ri) ^ b{^o, ^1,^2,11) 

holds. Let ^q,...,^^ e ^H-' be arbitary. If ^; = for / 7^ j, we have a{^Q, ...,^1,) = 
b{^0T--T^3)) by assumption. Suppose ^; ^ whenever / ^ j. By the above, for 
every / g 0, 3 the equality 

fl(^0,-,|,V-,^3,I7) =^(^0,-,|,,-,^3,I?) 

holds for 77 in a subset of full measure in dM^. Let 77 be in the (non empty) inter- 
section of these four full measure subsets of dM^. We then have 

3 _ 
fl(^o,-,'?3) = ^(-l)'fl(<^o,-,'^;,-,'^3,J7) 

i=0 

= X;(-i)'K^o,...,li-,...,^3,J7)=K^o,...,^3), 

i=0 

where we have used the cocycle relations for a and b in the first and last equality 
respectively. □ 

Proof (general case). Observe first of all that for all {^q,...,^„) G {dM")"+^ \ 
(aH")("+i) the equality holds trivially. 

Using the fact that dB" = 5""' C R", let us consider the function (p : dB" dM" 
as a function (p : dM" R" and denote by (pj, for j = 1 , . . . , n its coordinates. Since 
dW = G/P, where P is a minimal parabolic, let v be the quasi-invariant measure 
on dW obtained from the decomposition of the Haar measure j^c with respect to 
the Haar measure jXp on P, as in (20). According to Lusin's theorem appHed to the 
(pj for j = 1,. .. ,11 (see for example [31, Theorem 2.24]), for every 5 >0 there exist 
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a measurable set Bg ,■ C dW with measure v(B,- 5) < 5 and a continuous function 
f'j S : ^H" ^ R such that (pj = f'- g on ^H" \ Bj^g. Set fg := (/i.g, . . . ,/„^ ^ R" 
and consider the composition fg '"o/g with the retraction r : R" B" to the 
closed unit ball B" C R". Then, by setting := U"j^iBj g, (p coincides on dM"\Bg 
with the continuous function fg : dW B" and v{Bg) < n5. 

Let ^ C G be a fundamental domain for the action of F on G. For every 
measurable subset E C any measurable map y/ : dM" B" and any point 
(^0, ■ ■ ■ ,^n) e ((3lHI")("+'\ we use the notation 



J^(V/,£,(^o,...,^«)):- 
so that we need to show that if 



e{g ')Vol„(v/(^^o), • • • , r(g^„)) c/jUg(^) , 



(14) 



for almost every {^q, . . . ,^„) G (^H")'"+'', then the equality holds everywhere. 

Fix £ > and let Kg c!^ he a compact set such that jici^ \ K^) < e. The proof 
is broken up in several lemmas, that we state and use here, but whose proof we 
postpone. 

Lemma 4. With the above notations, 

^iG{{geK,:g^eBs})<aei5), (15) 

where <7£(5) does not depend on ^ Cz dM" and <J£{5) — > when 5 — >■ 0. 

Replacing (p with fg results in the following estimate for the integral. 

Lemma 5. With the notation as above, there exists a function M£{d) with the prop- 
erty that limg^QM^^S) = 0, such that 

\^{(p,K,A^o,---,^n))-yifs,K„{^o,...,m<Mei5), 
for all (^o,...,^„+i)6(5H")"+i. 
Observe that, although 

|^((p,f^,(^o,...,^«))-^(<P,^E,(^o,...,^„))l<e||Vol„||, (16) 
for all (<^o, . . . ,<^„+i) e (<9H")("+i), the estimate 

^((p,/^„ (^0, . . . , 4,)) - Vol„(^o, . . . , 4,) 

^((p,i^,(^o,...,^„))-^|^Vol„(^o, 



(17) 



<e||Vol„| 



22 



M. Bucher, M. Burger and A. lozzi 



holds only for almost every {^q, ■ ■ ■ , G {dW)^"^^\ since this is the case for (14). 
From (17) and Lemma 5, it follows that 

yifs,K„{^o, ■ ■ ■,^n)) - ;J^^Vol„(^o, . . . ,<^«) 



Vol(M) 

J{^>,K„(^0, . . -An)) - ^^^Vol„(^o, . . . ,^«) 



Vol(M) 



(18) 



<Me(5) + e||Vol„||, 



for almost every (<^o, ■ ■ ■ ,'^«) e (^H") 

The following lemma uses the continuity of fs to deduce that all of the almost 
everywhere equality that propagated from the use of (14) in (17), can indeed be 
observed to hold everywhere because of the use of Lusin theorem. 



Lemma 6. There exist a function L(e, 5) such that limg^oMmg^Q L{£ , 5) ~ and 

,^„)\<L{£,5) (19) 



\.J^{fs,Ke,{^0, ■ ■ . - ^^Vol„(^o, 



Vol(M) 



for all (^o,...,^«)e(5H 



From this, and from Lemma 5, and using once again (16), now all everywhere 
statements, we conclude that 

J^((p, ^, (^0, . . . , - ^f^Vol„(^o, . . . 

< I j^((p, ^, (<^o, . . . - yi9,Ke,{^o, . . . , m 

,^:„(^o,...,^«))-^(/5,^.,(^o,...,^„))l 

Vol(p) . 



yifs,K„{^0,---,^n))- 



<Me{5)+L{£,5)+£\\Vol„\\, 



Vol(M) 



Vol„(^o,...,^«) 



for all (^07 •J ) S (5IHI")"+' . This concludes the proof of Proposition 5, assum- 
ing the unproven lemmas. □ 

We now proceed to the proof of Lemmas 4, 5 and 6. 

Proof (Proof of Lemma 4). Recall that dW ~ G/P, where P < G is a minimal 
parabolic and let T] : G/f G be a Borel section of the projection G ^ G/P such 
that F := ri{G/P) is relatively compact [26, Lemma 1.1] Let Bg := Tj{Bs) and, 
if ^ e Bs, set I := r;(^) G Bg. On the other hand, if g £ Kg and e Bg, there 
exists p E P such that g^ p G Bs and, in fact, the p can be chosen to be in f n 
F^^{K£)^^F =: Cg. Thus we have 
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{geKe: g^eBs}^{geKi;: there exists p e Q with g^p e Bg} 
={geKer\Bsp-^l-^ for some peCe}(lK,nBsC;^^-\ 

and hence 

I^g{{8 ^ K, : g^ e Bs}) < AIg(^.I"' nB^Q"') < ^ciBsCs')- 

To estimate the measure, recall that there is a strictly positive continuous function 
q . G ^ and a positive measure v on dM" such that 

/ fi8)q{8)d^lGi8) = / ( f fmdllp{^)\ dv{8) , (20) 

Jg JdU" \Jp ) 

for all continuous functions / on G with compact support, [30, §.8.1]. 

We may assume that ij.q{BsCi^^) ^ (otherwise we are done). Then, since q is 
continuous and strictly positive and the integral is on a relatively compact set, there 
exists a constant < a < 0° such that 

anG{BsC;')= [ ( [ XB,c-^mdM^))dv{g). (21) 

JdW \JP ^ / 

But, by construction, if g e Bg, then g^ e BgC^^ if and only if ^ e CjT', so that 
and hence 

a^G{B5C^')^v{Bs)MC;')- 
Since v{Bg) < 8, the inequality (15) is proven with C7£(5) = ^jU/>(C^')5. □ 

Proof (Proof of Lemma 5). Let us fix (^0, ■■■,^n)e {dE")"+\ Then we have 
\y{cp,K„i^o,.--,^n))-^ifs,K,.i^o,---,m 

<\y{(p,K,^0,{^0,...,^n))-yifs,Kefi,i^O,---,^n))\ 

+ \yi(p,Ke,ui^O,---,^n))-yifs,Ke,i,i^O.---,^n))\, 

where 

n 

Ke,o:= Clis^^K,: g^jedM"\Bs} and K^j := \Ke,o . 

7=0 

But ^(g) = fs{g) for all g G K^q, and hence difference of the integrals on KgQ 
vanishes. Since 

Hg{K,a) = Hg (^K, n\J{g£K,: g^j e Bs}^ < (« + 1)C7,(5) , 
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we obtain the assertion with Mf (5) := 2(« + l)||Vol„j|(Jf (5). □ 

Proof (Proof of Lemma 6). If the volume were continuous on ((9H")"+' or if the 
function fs were injective, the assertion would be obvious. 

Observe that (p is almost everywhere injective: in fact, by double ergodicity, the 
subset of dW x dM" consisting of pairs {x,y) for which (p{x) = (p{y) is a set of 
either zero or full measure and the latter would contradict elementarity of the ac- 
tion. Then on a set of full measure in dW \ Bg the function fg is injective and 
hence Vo\„{fg{g^Q),...,fg{g^„)) is continuous provided the fsig^o), ■ ■ ■ Jsis^n) 
are pairwise distinct. 

So, for any (^o, • • • ,^n) e (5H")'"+'' we define 

S'{^o,...,^„) {geKe-. fs{g^o),---,fs{g^n) are pairwise distinct} . 

Let F C (Bg X BgY'^^ be the set of distinct pairs {x,y) e {Bg x BgY^'> such that 
fg{x) — fg{y)- Then F is of measure zero, and given any (^Oj^i) £ f^^" x ^M" 
distinct, the set {g G G : ^(^0,^1) G F} is of /i(j-measure zero. This, together with 
Lemma 4, implies that 



Mg(^£\<^(^o,---,^„))<Mg [Jis&^^- g^J^^s}] <(«+l)cT.(5). (22) 



Let y C (5H")("+i) be the set of full measure where (18) holds and let (<^o, ■ ■ ■ , ^n) & 
((9H")("+i). Since v"+' (5H")("+^) \ ^) = 0, there exists a sequence of points 



{^^'^ e ^ with (^^'■' , . . . , ^,\'^) ^ (^0, . . . , Then for every g e ^{^) 
lim Vol„(/5(g^f ), . . . - Vol„(/5(g^o), . . . Jsig^n)) , 



and, by the Dominated Convergence Theorem applied to the sequence hii{g) := 



Vol„(/5 ig^^'>), ...Jg {g^n), we deduce that 

lim^(/5,^(^0,---,^«),(^f ,...,^i'')) = ^(/5,^(^0,---,^«),(^0,---,^«)). 




(23) 



But then 
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<|^(/5,/:„(^0,...,^„))-^(/5,'^'(^0,...,U,^0,...,^«))| 



Vol(M) 



Vol(M) 
Vol(p) 



Vol(M) 



Vol„(^o,...,^„) 



for all (^o,...,^„)e(^H")("+i). 

The first and third line after the inequality sign are each < (n + l)||Voln||(7£(5) 
because of (22); the second line after the equality is less than 5 if ^ is large enough 
because of (23); the fourth line is < (5) + £ 1 1 Vol,, 1 1 by ( 18) since (^f ' , . . . , ^i^' ) e 
5^ and finally the last line is also less than 5 if A; if large enough. All of the esti- 
mate hold for all S {dM")^"^^\ and hence the assertion is proven with 
L(e,5):=25 + 2(« + l)||Vol„|l(j,(5)+M£(5) + e||Vol„||. □ 



Step 3: The Boundary Map is an Isometry 

Suppose now that the equality |Vol(p)| = |Vol(;)| holds. Then 9 maps enough reg- 
ular simplices to regular simplices. In this last step of the proof, we want to show 
that then 9 is essentially an isometry, and this isometry will realize the conjugation 
between p and 

In the case of a cocompact lattice F < Isom(H") and a lattice embedding p : 
r Isom''"(EI"), the limit map (p is continuous and the proof is very simple based 
on Lemma 7. This is the original setting of Gromov's proof of Mostow rigidity for 
compact hyperbolic manifolds. 

If either the representation p is not assumed to be a lattice embedding, or if F is 
not cocompact, then the limit map (p is only measurable and one needs a measurable 
variant of Lemma 7 presented in Proposition 6 for « > 4. The case n = 3 was first 
proven by Thurston for his generalization (Corollary 2 here) of Gromov's proof of 
Mostow rigidity. It is largely admitted that the case « = 3 easily generalizes to n > 4, 
although we wish to point out that the proof is very much simpler for « > 4 based on 
the fact that the reflection group of a regular simplex is dense in the isometry group. 
For the proof of Propostion 6, we will omit the case n = 3 which is nicely written 
down in all necessary details by Dunfield [17, pp. 654-656], following the original 
[33, two last paragraphs of Section 6.4]. 

Let T denote the set of (« + l)-tuples of points in ^H" which are vertices of a 
regular simplex. 



26 



M. Bucher, M. Burger and A. lozzi 



T = = (^0, ■■■,^n) e ((911")"+' I t, are the vertices of an ideal regular simplex} . 

We will call an (« + l)-tuple in T a regular simplex. Note that the order of the 
vertices ^o,...,^„ induces an orientation on the simplex For £, G T, denote by 
< Isom(H'') the reflection group generated by the reflections in the faces of the 
simplex ^ . 

Lemma 7. Let n>3. Let B, = (^o, ■■■,^n) Suppose that (p : dW ^ dM" is a 
map such that for every y G A^, the simplex with vertices (9(7^0), ^(7^n)) is 
regular and of the same orientation as (/^Oi 7^n) G T. Then there exists a unique 
isometryh G Isom(H") such that h{^) = (p{^) for every B, G U^^q^^'s'- 

Note that this lemma and its subsequent proposition are the only places in the 
proof where the assumption « > 3 is needed. The lemma is wrong for « = 2 since <p 
could be any orientation preserving homeomorphism of dM^. 

Proof If ^ = (^o,---,^«) and {(p{^Q),...,(p{^„)) belong to T, then there exists a 
unique isometry h G Isom+(]HI") such that hE,i = for ; = 0,...,n. It remains 

to check that 

h{y^,) = (piY^,) (24) 

for every 7 G A^. Every y E A^ is a product 7 = rj. • ... • rj, where rj is a re- 
flection in a face of the regular simplex rj^i • ... • ri(^). We prove the equal- 
ity (24) by induction on k, the case k = being true by assumption. Set 77, = 
rj.-! • ... • ri{^j). By induction, we know that h{rij) = ^(i7i)- We need to show that 
hirkTJi) = ^(r^rj,). The simplex {rj(),...,rj„) is regular and r^. is a reflection in one 
of its faces, say the face containing tJi,...,T7„. Since r^T], — 77, for ; = !,...,«, it 
just remains to show that h{riirio) = ^(r^Tjo). The simplex {rkrj(),riirii,...,ri;rj„) = 
(r^T7o, rji , TJ„) is regular with opposite orientation to (770, T7i, rj,,). This implies 
on the one hand that the simplex (/z(r<.Tjo),/i(i7i), •■•,/i(i7,i)) is regular with oppo- 
site orientation to {h{ri(j),h{rji),...,h{rj„)), and on the other hand that the simplex 
( (p (r^: 770 ), (p ( T] 1 ),..., (p (?]„)) is regular with opposite orientation to ( (p ( T70 ),..., (p ( 77„ )) . 
Since {h{r]Q),h{r]i), ...,h{ri„)) = {(p{r]o), ...,(p{ri„)) and there is in dimension « > 3 
only one regular simplex with face h{rii), ...,h{ri„) and opposite orientation to 
{h{rio),h{rii),...,h{ri„)) it follows that /!(ri 770) = (p{rkrio)- □ 

If (p were continuous, sending the vertices of all positively (respectively nega- 
tively) oriented ideal regular simplices to vertices of positively (resp. neg.) oriented 
ideal regular simplices, then it would immediately follow from the lemma that (p is 
equal to an isometry h on the orbits U"^qA^ ^, of the vertices of one regular simplex 
under its reflection group. Since the set U"^qA^^; is dense in dW, the continuity of 
(p would imply that (p is equal to the isometry h on the whole dM". 

In the setting of the next proposition, we first need to show that there exist enough 
regular simplices for which (p maps every simplex of its orbit under reflections to a 
regular simplex. Second, we apply the lemma to obtain that (p is equal to an isometry 
on these orbits. Finally, we use ergodicity of the reflection groups to conclude that 
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it is the same isometry for almost all regular simplices. As mentioned earlier, the 
proposition also holds for n~2> (see [17, pp. 654-656] and [33, two last paragraphs 
of Section 6.4]), but in that case the proof is quite harder, since the reflection group 
of a regular simplex is discrete in Isom(H") (indeed, one can tile by regular ideal 
simplices) and in particular does not act ergodically on Isom(]HI"). 

Proposition 6. Let n > 4. Let (p : dM" dM" be a measurable map sending the 
vertices of almost every positively, respectively negatively oriented regular ideal 
simplex to the vertices of a positively, resp. negatively, oriented regular ideal sim- 
plex. Then (p is equal almost everywhere to an isometry. 

Proof. Let Tl' cT denote the following subset of the set T of regular simplices: 

((p(^o),-,<pfe)) belongs tor 1 
and has the same orientation as (^q, ...,^„) J ' 

By assumption, T'P has full measure in T. Let C Tf be the subset consisting of 
those regular simplices for which all reflections by the reflection group are in 

= {^er|r^er-PVreA^}. 

We claim that has full measure in T. 

To prove the claim, we do the following identification. Since G = Isom(H") acts 
simply transitively on the set T of (oriented) regular simplices, given a base point 
rj = {rjo, 7],,) G r we can identify G with T via the evaluation map 

Evj^ : G — >T 

8 ^ gin) ■ 

The subset Tf is mapped to a subset G^ := (Evrf)^^ {Tl') C G via this correspon- 
dence. A regular simplex £, = g{ri) belongs to if and only if, by definition, 
7^ = Ygil belongs to for every 7 S . Since = gA-qg^^, the latter condition 
is equivalent to gjo'n £ T'^ for every 70 G A-q, or in other words, g G G'^Yq^ The 
subset is thus mapped to 

G'P = £v,Hr;) = n,„eA,G''ro-'cG 

via the above correspondence. Since a countable intersection of full measure subsets 
has full measure, the claim is proved. 

For every ^ G and hence almost every ^ G T there exists by Lemma 7 a 
unique isometry h^ such that h^{£,) = (p{^) on the orbit points £, S Uf^g^^'s'- 
the uniqueness of the isometry, it is immediate that hy^ ~ h^ for every Y E A^. We 
have thus a map h:T ^ Isom(H") given hy £, h^ defined on a full measure subset 
of T. Precomposing h by Evq, it is straightforward that the left -invariance of h 
on A^ ^ naturally translates to a global right invariance of h o Evq on G. Indeed, let 
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g G G and 70 e Ajj . We compute 

h oEvr^ig ■ To) = hgm = 'hrog-'gji = = ° -^M^) ' 

where we have used the left Ag,)-invariance of h on the reflections of grj in the third 

equality. (Recall, g7og^' G^^tj^"' — Agri-) Thus, ho Evri : G G is invariant under 
the right action of . Since the latter group is dense in G, it acts ergodically on G 
and hoEx'rj is essentially constant. This means that also h is essentially constant. 
Thus, for almost every regular simplex B, the evaluation of <f> on any orbit 
point of the vertices of ^ under the reflection group is equal to h. In particular, 
for almost every = (^o,---j<^n) G T and also for almost every ^0 G H", we have 
9(1^0) = /'(^o)> which finishes the proof of the proposition. □ 

We have now established that <p is essentially equal to the isometry h G Isom(]HI") 
on dM". It remains to see that h realizes the conjugation between p and ;. Indeed, 
replacing (p by /i in (11) we have 

for every ^ e dW and 7 e F. Since all maps involved {h, ((7) and p (7)) are isome- 
trics of H" and two isometrics induce the same map on dW if and only if they are 
equal it follows that 

/i-/(7)-/r^ =p(7) 

for every 7 £ F, which finishes the proof of the theorem. 
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